1. Introduction.-This investigation grew out of a study made by the writer of the stability of the two-dimensional parabolic laminar flow between pafallel fixed walls to infinitesimal' disturbances. The result obtained for the parabolic flow which will be reported soon was that, at least as far as a2--terms in the wave number a of the disturbance are concerned, the flow is stable to infinitesimal disturbances. Since recent studies of the parabolic flow by Meksyn1 and Lin,2 (where terms in a higher than a2 have either been neglected-ab initio or their smallness can be verified a posteriori) are at variance with the writer's stability conclusion, inquiries were made as to whether it would be possible to obtain experimental evidence on this point. It turned out that the establishment of a purely two-dimensional parabolic flow is a difficult experimental task, and that the flow through a circular pipe, which happens to be also parabolic, is more amenable to experimental investigation. The writer then undertook an investigation of the stability of the flow through a pipe, and arrived at a stability conclusion for axially symmetrical disturbances. When the investigation was finished it was discovered that Sexls had treated the same problem and had arrived at the same conclusion. Upon closer examination it appears, however, that Sexl's argument is incomplete in two respects:
1. Sexl treats only the stability in the two limits of a vanishing Reynolds number R and of large R. The experimental study of the stability of the boundary layer by Schubauer and'Skramstad4 shows, however, that in the latter case the flow is stable in the limits of R = O and R = c but becomes unstable at intermediate values of R.
2. In his proof of stability for large R, Sexl uses an asymptotic expres-VOL. 34, 1948' sion for the solution, which is not sufficiently specified to warrant his conclusion.
In addition, the method used here has the advantage that simple explicit expressions are obtained for the characteristic value C for small R on the one hand, and, asymptotically, for large R, on the other hand, in the relevant region of small a, and that sufficient terms are obtained in each case to allow a satisfactory matching at afn intermediate value of R. In this respect, the treatment may claim to a certain measure of simplicity, which is essential5 for the ultimate solution of the hydrodynamic stability problem, as otherwise a contribution to this complicated problem may merely serve to elicit a comment such as Rayleigh's:6 "The stability problem has further been skillfully treated by von Mises and Hopf.... Doubtless the reasoning employed was sufficient for the writers themselves, but the statements of it put forward hardly carry conviction to the mere reader." 2. The Boundary Value Problems.-The stability of the laminar flow through a pipe is studied by superimposing on it a disturbance of small amplitude and determining from the hydrodynamic equations and the boundary conditions whether the disturbance grows or decays,with time.
In a cylindrical system of -coordinates r, p, z the superimposed velocity field is assumed to be of the form f(r) exp. [ia(Ct -z) ], and the flow is considered to be stable to symmetrical disturbances if for all values of the wave number a the imaginary part of C(Cd) is positive, or unstable if
for some values of a, Ci is negative. Actually there exist an infinite set of possible modes for the perturbed.flow, and with each mode a characteristic value of Ct, so that a stability proof must embrace all modes, whereas instability is established as soon as it can be shown that for one mode Ci becomes negative.
It will be convenient to introduce the non-dimensional co6rdinates r' = r/a, z' = Z/a, t' = tU/a, R = Ua/l, (1) where a denotes the radius of the pipe, U the maximum velocity in the laminar flow on the axis of the pipe, and R is the Reynolds number. If we limit the discussion to motion which is independent of the angular coordinate s, the velocity field can be derived from the potentials,7
Ur= -(1/r)(I/6z); uz = (1/n)(&/br), u. = Q/r, (2) 
67r2 r 6r 6Z2(5 and the primes in (1) havc been dropped. We now write
where ,&o and UO refer to the unperturbed laminar flow, so that the perturbation is derived from 4,6 and G. If we substitute from (6) into (3) and (4), and neglect squares or products in t , ' and Q, we arrive at the equations governing symmetrical infinitesimal disturbances of the laminar flow in a circular pipe:
+ (1 -r~~~~~~~~ ( 8) at ( )z R(8 Equations (7) and (8) show that in the case of symmetrical infinitesimal disturbances, the perturbation can be of either of two types which are not coupled, namely, motion in concentric circles in planes perpendicular to the axis of the pipe (torsional, Q2) or motion in planes passing through the axis (meridional, t'). By writing = G(r) exp. [ia(Ct -z) 
we obtain
The boundary conditions on G are simply that (G/r) = finite at r = 0; G(1) = 0.
The boundary conditions to be satisfied by f are, from (2),
where the dot denotes differentiation with respect to r. Equation (14) VOL. 34, 1948 can be converted into an integral condition on g as follows: An appropriate solution of (10) is (15) with (1/r)f (r) = AaIo(ar) + aJ77[Io(ar)K1(at) + I(at)Ko(ar)]g(t)dt. (16) On imposing the boundary conditions (14) at r = 1, we find that (14) can be replaced by the condition
It is seen from equations (10), (11), (12), (13) and (17) that the characteristic value C depends on the two parameters a and aR. The stability problem resolves itself then into a determination of the sign of Ct in the (a2, aR)-plane.
3. Stability of the Laminar Flow through a Circular Pipe to Torsional Perturbations.-It can be shown directly from the differential equation (11) that the laminar flow is stable to this type of perturbation for all values of the parameters a2 and aR. Let x = r2, then (11) can be written
Multiply (18) by G, the complex conjugate of G, and integrate from 0 to 1.
We have f lG(d2G/dx2)dx = f 1GGdx, (19 because G vanishes at x = 0 and x = 1. We thus obtain
Equation (21) 
Then (12) and (17) 
Jf"Ii(ar)rP(r)dr = 0.
We shall seek, in the first instance, a development of C which is valid for small , (small Reynolds number):
and an associated development for P:
This can be accomplished by substituting (25) and (26) into (23) 
These non-homogeneous differential equations can be solved directly with the aid of the identities 5jzZ fJn(z)] = 2(n -_)zn2Jn_i(Z);
61ze+3]J(z) -[4/(n + 2) ]e +2Jn+ 1(Z)I = 2(n + 3)ze+2J, 1(Z). (31) The result for the first few terms is where we have written J. for Jn(z). Substituting now (32) into (24) we obtain from the first term
an equation which serves to determine k, and with it C-1, as a function of a. The second term in (32) yields
These are rather complicated expressions, but useful information can be obtained from them by expanding k and the C. into power series in a2, as follows: 
PHYSICS: C. L. PEKERIS whose solution which is regular at the origin is g = e-TzxF(a, 2, 2r-x);
(1-C)VN/iia
The integral condition (17) takes on the form f,lIi(ar)e-T?2r2F(a, 2, 2rr2)dr = 0.
For large values of aR the real part of T becomes large, and is positive; so that the following asymptotic expansion holds e?zF(a 2,2rx -~Xe z(2,r)a-2
(1 -a) (2 -a)
This expression is appropriate if, when substituted in (41), it yields a value for a such that the term (1 -a)(2 -a)/(2rx) actually becomes small for large Tr. This is indeed the case, since because of the eTz factor and the monotone character of Ii(ar) the principal contribution to the integral in (41) arises from a small region near the upper limit, with the result that we must have 1/r(a)=0, a=-n, n=0,1,2...
(43) as would follow by carrying out a partial integration. It follows from (40) that in the limit of large aR the characteristic value of C,, of the n-th mode has the asymptotic form 4(1 + n)e"T/4 ia2 Cn~~~+-
VaR aR'
Since the imaginary part of Cn in (44) is positive, this result implies stability at large aR for all modes, the damping increasing with the order of the mode. We note also that for large Reynolds numbers all modes are propagated with the maximum speed on the axis of the pipe.
Sexl did not recognize that the regular solution of (12) is given by (39) which behaves asymptotically according to (42). Instead, he used (loc. cit., page 813) a linear combination of the standard asymptotic solutions of (12): g*(r) = r'/2(1 -r2 C)-C/[exp. j'r\V-iaR(1 -r2 -C)dr + Kexp.-fr6V..\-iaR(1 --r2 -C)dr], (45) with the constant K left undetermined. He then states that the integral in (41) becomes equal to g*(1)Ii(a), a result which was obviously arrived 292TPHYSICS: C. L. PEKERIS at by partial integration. This step would be justified if it could be shown that g*(1) becomes large, as we have done in (42) for g(l). But with K left arbitrary the possibility is not excluded that the solution of (12) which is regular at the origin is represented near r = 1 by either the positive exponential term in (45) alone, or by the negative exponential alone, in which case g*(1) may actually vanish. We therefore do not regard this part of Sexl's argument as complete.
(c) Development for intermediate values -of aR. Though the explicit expressions for the characteristic value C given in (37) and (44) assure stability in the limits of small Reynolds numbers on the one hand and large Reynolds numbers on the other hand, we must still investigate the behavior of C in.the intermediate. region of aR. We shall do this for the first mode by deriving a correction term to (44), and then showing that at aR = 200 the resulting expression yields a value for C which is in good agreement with the value derived from (37), the difference being of the order of the last terms used in each. For the first mode we have (51) with the understanding that it is to be used only when T is sufficiently large to make a < < 1. By a similar treatment one can obtain an additional correction term to a arising from the a2-term in the bracket of (49). We thus obtain for the characteristic value Ci of the first mode C1 = 21-+ iaR2 -T(1 J + a2eT'(1-i) +..., (52) where the first three terms are taken from (44). As a check, we evaluate C1 from (37) and (52) for the case a2 = 0, aR = 200. From the former we get a value of (0.805 + 0.154i), while the latter yields (0.798 + 0.156i), the term 8e-r having the value of (0.015 + 0.052i).
We have thus shown that when the parameter a2 vanishes, equations (37) and (52) jointly cover the whole range of aR. The a2-term in (37) is small numerically and, furthermore, makes a positive contribution -to the damping in the case of the first mode. For large aR the contribution from the a2-term in (52) is also small, since it vanishes exponentially like e-7. It can be shown by using the same procedure as above, that for moderate values of a, the a2-term in (52) 5. Summary.-Infinitesimal and axially symmetrical disturbances of the laminar flow through a pipe of circular cross-section fall into two classes which are not coupled-torsional and meridional. In the torsional perturbation the flow is in concentric circles in planes perpendicular to the axis. The laminar flow in a circular pipe is stable to this type of disturbance at all Reynolds numbers, a result which was first shown by Synge.8 In the meridional perturbation, the flow is in planes passing through the axis. The stability to meridional perturbations was studied by Sexl,3 but his treatment is shown to be incomplete. In this investigation an explicit expression is derived'for the characteristic value in the case of a meridional disturbance which is valid for small Reynolds numbers R (equation 37). An asymptotic expression for C, valid for large R, is also derived in equation (44). Additional terms are added to the latter in equation (52) for the first mode, which has the lowest damping. In the case of vanishing wave number a of the perturbation, but finite aR, equations (37) and (52) match at aR = 200 and are, therefore, sufficient to cover jointly the whole range of aR from 0 to c. In this limit, the first mode in meridional disturbances is, therefore, demonstrated explicitly to be damped. For large R all modes are propagated with a velocity approaching the maximum velocity on the axis of the pipe.
The a2-terms in (37) and (52) make a relatively small contribution to C, even at a = 1, and, -furthermore, in the case of the first mode they increase the damping. It is shown that also when a is moderate or large, C approaches its value for a = 0 in the limit of large Reynolds numbers.
The difference in C between the case a = 0 and a finite a becomes, except for a positive imaginary term (ia2/aR), of the order of exp.(--ANvTR).
The conclusion is, therefore, drawn that the laminar flow in a pipe of circular cross-section is stable to infinitesimal meridional disturbanices.
.Although our discussion has been confined to axially symmetrical disturbances only, it is of interest that the experimental evidence on the breakdown of the laminar flow in a pipe of circular cross-section. indicates that the so-called critical Reynolds number can be increased, apparently indefinitely, by minimizing the. amplitude of the disturbances. The classical stability investigations of Reynolds9 were performed on the flow in aecircular pipe, and already then his experiments on this and other types of flow led hini to distinguish betweenL cases where instability sets in at a critical value of R for infinitesimal disturbances and co ses, like the flow in a pipe, where apparently only disturbances of finite amplitude can cause a breakdown. While it is possible, to cite in this connection the following quotations from Reynolds' paper (p. 75): "But the fact that in some conditions it will break down for a large disturbance while it is stable for a small disturbance shows that there is a certain residual stability so long as the disturbances do not exceed a given amiount." "But the general impression left in my mind was that ... as though disturbances in the tank, or arising from irregularities in the tube were necessary to the existence of a state of instability," it is clear that by its very negative nature it is impossible to prove experimentally that stability exists for all Reynolds' numbers. In Solids show a continuously increasing deformationi if subjected to a load of suitable magnitude for a sufficient time. If rupture does not occur, a process of relaxation causes the rate of flow with constant stresslo approach a final constant value. Rupture finally occurs in a stressed material whenever bonds are broken by flow faster than -they mend. Whenever the stress on a flowing unit is relaxed, the equilibrium distribution of surrounding units is disturbed. Consequently, the exterior stress will cause a succession of adjustments to occur until equilibrium is restored.
In order that an atom, molecule or group of molecules may move from one position of equilibrium to another, it is necessary that space be provided into, which the molecules or atoms can jump. If one thinks of the holes and other imperfections in a system, the folldwing idealized classifications of solid, liquid and gas can be made. A perfect solid ( Fig. 1(a) ) at absolute zero temperature is a system in which all lattice sites are filled and the material has a continuum of perfect order throughout. This ideal situation is never quite realized since actual solids contain holes and a variety of distortions even at absolute zero. At any temperature greater than zero and less than the temperature of melting a section through the solid will show empty sites (holes) as well as regions of higher than average density, as shown in figure 1 (b) . In this case the empty sites, or holes, occur infrequently and are not mutually connected. The important concept, that of long range order, is that a continuum of nearly perfect order still exists extending at least as far as the boundaries of the mosaic block.' Within this continuum of order there are enclosed domains of imperfections (having liquid properties) which, due to thermal fluctuations, are short-lived and are "recrystallizing" while other such domains alternately reappear at other positions in the domain of rigidity.
Above the temperature of melting (Fig. 1 (c) ) the substance is liquid, characterized by a discontinuity of the nearly perfect order and an increase
